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(a) Let p(x1,29) be the joint probability mass X; and Xs.
p(0,0):%.%:%
p(O,l):%.%zg
p(l,O):%.%zg
p(l,l):%.%:%

(b) Let g (z1, 2, x3) be the joint probability mass of X, X5 and Xj3.
Q(O’O’O):%‘TZ'%=% q(0,1,1):%.%.%:%
q(o’o’l):%'%'%:% q(l,l,o):%.%.%:%
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Q2
(a) Since f is non-negative and

1 2
/RQf(sc,y)da:dy:/O /0 g(xQJra:y/Z) dydr = 1

it follows that f is a joint density function.
(b) The density of X is given by

(2x2 +z), z€(0,1)
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fx(af):/_oo f(:tf,y)dyzf0 g(xZJrﬂfy/?) dy =



and fx(x) = 0 elsewhere.
(c)
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(d)
P(X <1/2,Y >1/2)
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(f) The density of Y is given by

fy(y):/()lg(waLajy/Q)da::g<%+%>, y € (0,2)

and fy(y) = 0 elsewhere. Thus
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Q3
(a)

o0 0 1
P(X<Y)= // f(z,y)dxdy = / / e T dydy = =
((z,y):x<y) 0 x 2

// @ dydr =1—e a>0
P(X < a)
a<0



Q4

(a) The density of X and Y are given by

Al
1
/(x+y)dy:x+§ O<x<l1
0

0 otherwise

Ix(z) = <

\

( 1 1
Fr(y) = ¢ /O(a:+y)dx:y+§ O<y<l1

0 otherwise

\

Since f # fx - fy, we conclude that X and Y are not independent.
(b) See fx(zx) in (a).
(c)

1 1—2 1
P(X+Y <1)= // f(z,y)dzdy = / / (x + y)dydz = -
{(z,y):x+y<1} 0 Jo 3

Q5

(a) The joint density of A, B and C'is given by f(a,b,c) = fa(a) - f5(b) -
fo(c). Thus the joint cumulative distribution of A, B and C' is

F(a,b,c) = /_a /_ /_e fa(a)- fp(b)- fo(c)dedbda = Fa(a)- Fp(b) - Fo(c)

where
1, t>1
FA(t>=FB<t)=F0(t)= t, 0<t<l1
0, t<0

(b) Note that all roots of Az?> + Bx + C are real if and only if B? > 4AC.

P (B*>4AC) = /// f(a,b,c)dadbdc
{(a,b,c)€[0,1]3:b2>4ac}
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where the second equality is derived by the following argument:

-If0 < a < 1/4, then 4ac < 1 always hold for 0 < ¢ < 1,thu8\/@ <bh<1
- If 1/4 < a < 1, then b*/4a < 1 always hold for 0 < b < 1, thus
0<c<b/4a

Alternatively,

P(B*>4AC)=1- / / / f(a,b,c)dadbdc
(a,b,c)€[0,1]3:b2<4ac}

=1 / / / dedadb
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(a) Let g1(z,y) = 2+ y and ga(z,y) = x/y. Then
og1(zy)  9g1(z,y)
= 1 1 r+y
‘J(aj,yﬂ - agga(w,y) 0gga(?v,y) = ' 1/ —ZU/ 2 | — 2 |
i 9y y Y Y
Note that

_ _ Uv
{U—i((—i—y (:){X_VJ1
V=% Y=y
Hence the joint density of U and V is

fov(u,v) = f(z,y) - |J(,y)|

u uw u
_f(v+1 v+1> ‘J<v+1’v+1)

0 otherwise
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(b) Let g1(z,y) = x and g2(2,y) = /y. Then

1 0 T
J(z, = = |—
el =| 1y _ane |~ |7
Note that
{U:X {X:U
X < U



Hence the joint density of U and V' is

/
= <u<l,0<t <1
0 otherwise

(c) Let gi(w,y) = x +y and ga(z,y) = ;5. Then

x+y’
1 1 1
Jay=| L L= '
@92 @ty Tty
Note that
U=X+Y X=UV
V=+%5 Y=U-UV

Hence the joint density of U and V is

foy(u,v) = flz,y) - | (2, y)[

= f(uv,u —uv) - |J(u, u — uv)| ™

CJu O<w <l 0<u—uv <1
0 otherwise

Q7

(a) We have P(X =4, Y =k)=PY =k | X =j)P(X =j) = % Since
given X = j we know Y is uniform in {1,2,...,5}. Here we have k < j.
Thus

(b) We use Bayes formula to get
PX=j5]Y=1)=PY=1]|X =)

where ¢ as in (1).

Not independent: P(X =1,Y =1) = i. But P(X = 1)P(Y =1) =
1
5.
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Q8
(a) For x > 0, we have that
00 00 o
- / f(x7 y)dy — / xefx(erl)dy = — effc(yﬂLl) — e*(ﬂ
0 0

y=0

and for y > 0 we have that

:/ f(x,y)dx:/ ze * W dy
0 0

In order to solve this integral, use integration by parts. Define u = x and
dv = e *WH)dz. Thus
> 1 > 1
= _ e e(y+) - —2(y+1) g —
= e € xr =
i) == o L (y+ 17
Now, for z > 0, the conditional density of X given ¥ =y is
flay) _we "W

- I
fr () [(ISiE
If z <0, then fx)y(z|y)=0. And similarly, for y > 0,

—z(y+1)
z, re L
Foly | z) = T8 — e

fx(z) e?

X

S(J(y + 1)2 . 6—x(y+1)

fX|Y(37 |y) =

For y <0, fy|x(y | z) = 0.
(b) If 2 <0, then Fz(z) = 0, which implies fz(z) = 0. If z > 0, we have

P(Z <z)=P(XY <2) / /f:z:ydydx

Take the derivative with respect to z, we then get

h@=£-¢<>m—£ﬁwwngz

Q9

Let f(x),g(y) be the densities of X,Y. (a) Since the cumulative distribu-
tion of Z is

Fy(z) = P(X/Y < 2) = / / " F@)g(y)dudy



then the density of Z is

dF vz >~
h(z) = z / - / f(x)g(y)dzdy = /0 yf(yz)g(y)dy

When z <0, h(z) = 0. (b) Since the cumulative distribution of Z is

Fy(z) = P(XY < 2) = P(X < 2/Y) — / / F(@)gy)dady

then the density of Z is

h(z) = dFZ /dz/ f(@ dxdy—/o —f(§ 9(y)dy

When z < 0,h(z) =01If f(x) = Aexp(—Az),x > 0and g(y) = nexp(—ny),y >
0 for some A, n > 0, then (a)

o0 B )\7,}
A e Aygy = "L >0
h(z) = n/o Y YT T
0 otherwise
(b) .
)\77/ _e—(AZ/erny)dy 2> 0
h(z) = 0o Y
0 otherwise
Q10
PX=nY=m)=P(X1+Xo=n,Xo+ X3=m)
min{n,m}
= Y PXi=n-kXo=kXs=m-—k)
k=0
min{n,m|

_ Z PXi=n—k)P(Xy=k)P(Xs=m— k)

min{n,m} _ _ _ _ _
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(n—k)! k' (m—k)
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min{n,m} n— m—
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